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Otimização agrícola com recursos limitados usando dualidade 
 

Resumo: Água e nitrogênio são insumos fundamentais para o desenvolvimento de qualquer cultura 

agrícola, e quando estão correlacionados com a produção obtida, há uma função analítica que representa 

aproximadamente a produção em relação à água e ao nitrogênio. Considerando que no ambiente do 

agronegócio e de tomada de decisão, é importante conhecer quantitativamente a produção máxima e a 

receita líquida máxima que uma determinada safra gera no caso em que esses insumos são limitados, neste 

trabalho, apresentamos um procedimento computacional usando a teoria da dualidade e o método da 

barreira logarítmica para resolver ambos os problemas. Para avaliar a metodologia apresentada, realizamos 

alguns testes numéricos com base em dados conhecidos para as culturas do melão, da alface americana, 

pêra laranja e aveia. Com base nos resultados obtidos, podemos concluir que a metodologia apresentada 

constitui uma alternativa confiável, considerando os resultados conhecidos na literatura para tais culturas. 
 

Palavras chave: Água, nitrogênio, dualidade, barreira logarítmica, programação quadrática.  

 
Abstract: Water and nitrogen are fundamental inputs for the development of any agricultural crop, and 

when they are correlated with the production obtained, there is an analytical function that roughly 

represents the production in relation to water and nitrogen. Considering that in the agribusiness and 

decision-making environment, it is important to know quantitatively the maximum production and 

maximum net revenue that a given crop generates in the case where these inputs are limited, in this work 

we present a computational procedure using duality theory and logarithmic barrier method to solve both 

problems. To evaluate the presented methodology, we performed some numerical tests based on data 

known for the cultures, melon, american lettuce, orange-pear and oats. Based on the results obtained, we 

may conclude that the presented methodology constitutes a reliable alternative, considering the results 

known in the literature for such cultures.  
 

Key words: Water, nitrogen, duality, logarithmic barrier, quadratic programming. 

 

 

Introduction 
 

It is well-known that several factors related to soil, plant and atmosphere interact with 

each other, determining the productivity of agricultural crops. Certainly, there is a functional 

relationship between these factors and crop production, characteristics of each environmental
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condition. Crop response may vary across different soil types, climates and also as a result of the 

amount and frequency of water application, nitrogen and other inputs (Frizzone et al. 2005). 

Agricultural production function or response is defined as that which expresses the 

physical relationship between the quantities used of a certain set of inputs and the maximum 

physical quantities that can be obtained from the product for a given used technology. In 

general, the problem is finding an optimal input-output solution that maximizes production and 

net revenue separately, subject to pre-fixed resource (or input) constraints and a given cost and 

pricing structure. 

If production functions were known precisely, it would be possible to accurately select 

the optimal level of water and nitrogen for a particular situation; but such functions are 

restricted to large variations in soil-climate, making it difficult to predict crop yields accurately. 

In practice linear regressions are generated to represent “good approximations” of these 

functions. The quality of the adjustment, which indicates the proportion of variation of the 

function, is indicated by a descriptive unit known as the coefficient of determination (𝑟2). 

Proper water management is critical in irrigated agriculture, considering that the 

agricultural sector is the largest consumer of water and that water resources are essential and 

strategic. According to Figueiredo et al. (2008), a fundamental change should occur in irrigation 

practices in the coming years, due to economic pressures on farmers, growing competition for 

resource use and the environmental impacts of irrigation. They think that such factors should 

motivate a change in the irrigation paradigm, focusing on economic efficiency rather than crop 

water demand. Regarding the nitrogen resource, considering that at present the costs are 

increasingly variable and that the demand in Brazil is growing every day, it is necessary to 

respect the environmental issues related to the preservation of the soil, as a fundamental piece 

for a sustainable agriculture. 

In this work we present a dual view of agricultural optimization with limited inputs 

(water depth and nitrogen dose), associated with the maximization of production and the 

maximization of the net agricultural income of a given crop respectively. We present a 

computational procedure using duality theory and logarithmic barrier method (Bertsekas 2004) 

to solve both problems, and in order to evaluate the methodological performance, we carried 

out numerical experiments with melon crops (Rocha Junior et al. 2016), american lettuce 

(Marques Silva et al. 2008), pear-orange (Bertonha et al. 1999) and oats (Frizzone et al. 1995). The 

reason for choosing these agricultural crops is due to the good coefficients of determination (𝑟2) 

that presented the analytical functions of production or responses of each culture in the 

considered scenario. 

 

Material and Methods 
 

Let 𝑦(𝑤, 𝑛) be the response (or production) function of a given crop (𝑘𝑔 ⋅ ℎ𝑎−1) in 

relation to the water depth 𝑤 (𝑚𝑚) and the nitrogen dose (𝑘𝑔), generally a nonlinear function, 

and 𝑤𝑙 , 𝑤𝑢 , 𝑛𝑙 , 𝑛𝑢 (𝑚𝑚) lower and upper bounds of 𝑤 and 𝑛 respectively, being 𝑤𝑙 , 𝑤𝑢 , 𝑛𝑙,𝑛𝑢 ≥ 0, 

𝑤𝑢 ≥ 𝑤𝑙  and 𝑛𝑢 ≥ 𝑛𝑙 . In this context, the first problem to consider is primal: 

 

 

 Maximize      𝑦(𝑤, 𝑛) (1) 

 Subject to: 𝑤𝑙 ≤ 𝑤 ≤ 𝑤𝑢  

  𝑛𝑙 ≤ 𝑛 ≤ 𝑛𝑢 .  

 

 

The problem in (1) represents a nonlinear programming problem in the two-

dimensional box [𝑤𝑙 , 𝑤𝑢] × [𝑛𝑙 , 𝑛𝑢] (Bazaraa et al. 1993). Another interesting problem to study in 

agricultural optimization with water and fertilizer limitations is the maximization of the net 

income obtained from the planting of a certain crop. Considering that the benefit is proportional 

to the productivity, then: 
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 Maximize 𝑅𝐿(𝑤, 𝑛) = 𝑝𝑐𝑦(𝑤, 𝑛) − 𝑐𝑤𝑤 − 𝑐𝑛𝑛 (2) 

 Subject to: 𝑤𝑙 ≤ 𝑤 ≤ 𝑤𝑢  

  𝑛𝑙 ≤ 𝑛 ≤ 𝑛𝑢 ,  

 

 

where  𝑝𝑐 represents the price of the crop (𝑅$ ⋅ ℎ𝑎−1), 𝑐𝑤 the cost of the water depth (𝑅$ ⋅ 𝑚𝑚−1 ⋅

ℎ𝑎−1), 𝑐𝑛 the nitrogen dose cost (𝑅$ ⋅ 𝑘𝑔−1 ⋅ ℎ𝑎−1) and 𝑅𝐿(𝑤, 𝑛) the net revenue obtained from 

planting (𝑅$ ⋅ ℎ𝑎−1). In the following, suppose that 𝑦(𝑤, 𝑛) = 𝑎𝑤2 + 𝑏𝑛2 + 𝑐𝑤𝑛 + 𝑑𝑤 + 𝑒𝑛 + 𝑓, 

where 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 ∈ ℝ  and 𝑎, 𝑏, 𝑐 < 0. So, (1) is equivalent to the problem: 

 

 

(P) Minimize −𝑦(𝑤, 𝑛) =
1

2
(𝑤, 𝑛) 𝑄 (

𝑤
𝑛
) − (𝑑 , 𝑒) (

𝑤
𝑛
) − 𝑓  

 Subject to: 𝐴 (
𝑤
𝑛
) ≤ 𝜌,  

 

 

where 𝑄 = (
−2𝑎 −𝑐
−𝑐 −2𝑏

), 𝐴 = (

  1
−1
0
0

  
0
0
 1
−1

), 𝜌 = (

  𝑤𝑢
−𝑤𝑙
  𝑛𝑢
−𝑛𝑙

). Note that 𝑄 is a symmetric positive definite 

matrix (𝑎, 𝑏, 𝑐 < 0), so that the objective function −𝑦(𝑤, 𝑛) is strictly convex. In this case the 

dual problem associated with problem (P) is given by: 

 

 

(D) Maximize 𝜃(𝑢)  

 Subject to: 𝑢 ∈ ℝ+
4 ,  

 

where: 

 

𝜃(𝑢) = inf {
1

2
(𝑤, 𝑛) 𝑄 (

𝑤
𝑛
) − (𝑑 , 𝑒) (

𝑤
𝑛
) − 𝑓 + 𝑢𝑇 (𝐴 (

𝑤
𝑛
) − 𝜌) : (

𝑤
𝑛
) ∈ 𝑅2}. (3) 

 

 

For a given 𝑢, the function: 
1

2
(𝑤, 𝑛) 𝑄 (

𝑤
𝑛
) − (𝑑 , 𝑒) (

𝑤
𝑛
) − 𝑓 + 𝑢𝑇 (𝐴 (

𝑤
𝑛
) − 𝜌)  is convex 

and therefore a necessary and sufficient condition for one (
𝑤
𝑛
) to be minimal is that its gradient 

be zero, i.e.: 

 

𝑄 (
𝑤
𝑛
) + 𝐴𝑇𝑢 − (

𝑑
𝑒
) = 0. (4) 

 

Therefore, the dual problem associated with (P) is given by: 

 

 (D) Maximize 
1

2
(𝑤, 𝑛) 𝑄 (

𝑤
𝑛
) − (𝑑 , 𝑒) (

𝑤
𝑛
) − 𝑓 + 𝑢𝑇 (𝐴 (

𝑤
𝑛
) − 𝜌)  

 

 

 

Subject to: 𝑄 (
𝑤
𝑛
) + 𝐴𝑇𝑢 = (

𝑑
𝑒
)  

  𝑢 ∈ ℝ+
4 .  

 

From (4) we have −(𝑤, 𝑛) 𝑄 (
𝑤
𝑛
) = 𝑢𝑇𝐴 (

𝑤
𝑛
) − (𝑑 , 𝑒) (

𝑤
𝑛
), so that the objective function 

of (D) is 
1

2
(𝑤, 𝑛) 𝑄 (

𝑤
𝑛
) − (𝑑 , 𝑒) (

𝑤
𝑛
) − 𝑓 + 𝑢𝑇 (𝐴 (

𝑤
𝑛
) − 𝜌) = −

1

2
(𝑤, 𝑛) 𝑄 (

𝑤
𝑛
) − 𝜌𝑇𝑢 − 𝑓. 

 

Thus, problem (D) can be written as: 
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 Maximize −
1

2
(𝑤, 𝑛) 𝑄 (

𝑤
𝑛
) − 𝜌𝑇𝑢 − 𝑓  

 

 

 

 

Subject to: 

𝑄 (
𝑤
𝑛
) + 𝐴𝑇𝑢 = (

𝑑
𝑒
)  

  𝑢 ∈ ℝ+
4 .  

 

Note that from (4), as 𝑄−1 exists, then (
𝑤
𝑛
) = 𝑄−1 ((

𝑑
𝑒
) − 𝐴𝑇𝑢) or (𝑤, 𝑛) = ((𝑑, 𝑒) −

𝑢𝑇𝐴)𝑄−1 and thus: 

 

−
1

2
(𝑤, 𝑛) 𝑄 (

𝑤
𝑛
) − 𝜌𝑇𝑢 − 𝑓 = −

1

2
(𝑤, 𝑛)𝑄𝑄−1 ((

𝑑
𝑒
) − 𝐴𝑇𝑢) − 𝜌𝑇𝑢 − 𝑓 

= −
1

2
(𝑤, 𝑛) ((

𝑑
𝑒
) − 𝐴𝑇𝑢) − 𝜌𝑇𝑢 − 𝑓   

= −
1

2
(𝑤, 𝑛) (

𝑑
𝑒
) +

1

2
(𝑤, 𝑛)𝐴𝑇𝑢 − 𝜌𝑇𝑢 − 𝑓   

= −
1

2
((𝑑, 𝑒) − 𝑢𝑇𝐴)𝑄−1 (

𝑑
𝑒
) +

1

2
 ((𝑑, 𝑒) − 𝑢𝑇𝐴)𝑄−1𝐴𝑇𝑢 − 𝜌𝑇𝑢 − 𝑓   

= −
1

2
(𝑑, 𝑒)𝑄−1 (

𝑑
𝑒
) +

1

2
𝑢𝑇𝐴𝑄−1 (

𝑑
𝑒
) +

1

2
(𝑑, 𝑒)𝑄−1𝐴𝑇𝑢 −

1

2
𝑢𝑇𝐴𝑄−1𝐴𝑇𝑢 − 𝜌𝑇𝑢 − 𝑓  

= −
1

2
(𝑑, 𝑒)𝑄−1 (

𝑑
𝑒
) + (𝑑, 𝑒)𝑄−1𝐴𝑇𝑢 −

𝟏

𝟐
𝑢𝑇𝐴𝑄−1𝐴𝑇𝑢 − 𝜌𝑇𝑢 − 𝑓  

= −
1

2
(𝑑, 𝑒)𝑄−1 (

𝑑
𝑒
) −

𝟏

𝟐
𝑢𝑇𝐻𝑢 + 𝜎𝑇𝑢 − 𝑓,  

 

where 𝜎 = 𝐴𝑄−1 (
𝑑
𝑒
) − 𝜌 and 𝐻 = 𝐴𝑄−1𝐴𝑇 . 𝐻 is symmetric and positive definite. 

So, problem (D) can be written as:  

 

(D) Maximize −
1

2
(𝑑, 𝑒)𝑄−1 (

𝑑
𝑒
) −

1

2
𝑢𝑇𝐻𝑢 + 𝜎𝑇𝑢 − 𝑓  

 Subject to: 𝑢 ∈ ℝ+
4 .  

 

By doing 𝑔 =
1

2
(𝑑, 𝑒)𝑄−1 (

𝑑
𝑒
), the previous problem can be written as: 

 

(D) Maximize −
1

2
𝑢𝑇𝐻𝑢 + 𝜎𝑇𝑢 − (𝑔 + 𝑓)   

 Subject to: 𝑢 ∈ ℝ+
4 ,  

 

or, equivalently:  

 

(D) Minimize 
1

2
𝑢𝑇𝐻𝑢 − 𝜎𝑇𝑢 + (𝑔 + 𝑓)   

 

 
Subject to: 𝑢 ∈ ℝ+

4 .  

 

Following the logarithmic barrier methodology, for a given 𝜇 > 0, we associate to the 

objective function of (D), the logarithmic barrier function: 

 

 

𝜑𝜇(𝑢) =
1

2
𝑢𝑇𝐻𝑢 − 𝜎𝑇𝑢 + (𝑔 + 𝑓) + 𝜇 ∑ 𝐿𝑛(4

𝑗=1 𝑢𝑗), 
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and we search to 

 

 

Minimize 
𝜑𝜇(𝑢). 

 

 

Moreover, 𝑢 solves this unconstrained problem for each 𝜇 > 0, if and only if ∇𝜑𝜇(𝑢) = 0. 

Thus, we seek (𝑢, 𝑧) > 0 such that: 

 

𝐻𝑢 − 𝜎 + 𝑧 = 0, 

where 𝑧 =

(

 
 
 
 

𝜇

𝑢1
𝜇

𝑢2
𝜇

𝑢3
𝜇

𝑢4)

 
 
 
 

= 𝜇𝑢−1. Note that as 𝑧𝑗 = 𝜇𝑢𝑗
−1 so 𝑧𝑗𝑢𝑗 = 𝜇, and now we seek to solve the system 

of nonlinear equations: 

 

𝐻𝑢 + 𝑧 = 𝜎 (5) 

  

𝑧𝑗𝑢𝑗 = 𝜇  ( 𝑗 = 1, 2, 3, 4).                        (6) 

 

 

Applying Newton's method to solve the nonlinear system (5)-(6), one looks for a 

direction ∆𝑢 = (∆𝑢1, ∆𝑢2, ∆𝑢3, ∆𝑢4) ∈ ℝ
4and ∆𝑧 = (∆𝑧1, ∆𝑧2, ∆𝑧3, ∆𝑧4) ∈ ℝ

4 such that: 

 

𝐻(𝑢 + ∆𝑢) + (𝑧 + ∆𝑧) = 𝜎, 

(𝑧𝑗 + ∆𝑧𝑗)(𝑢𝑗 + ∆𝑢𝑗) = 𝜇  ( 𝑗 = 1, 2, 3, 4). 

 

Hence: 

 

𝐻∆𝑢 + ∆𝑧 = 𝜎 − 𝐻𝑢 − 𝑧 = 𝜃, 

  𝑧𝑗∆𝑢𝑗 + 𝑢𝑗∆𝑧𝑗 = 𝜇 − 𝑧𝑗𝑢𝑗 = 𝜏𝜇  (𝑗 = 1, 2, 3, 4). 

 

Following is the computational procedure to solve (1). 

 

Procedure 

 

Data: 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 ∈ ℝ e 𝑎, 𝑏, 𝑐 < 0, 𝑤𝑙 , 𝑤𝑢, 𝑛𝑙,𝑛𝑢 ≥ 0; 𝑤𝑢 ≥ 𝑤𝑙 e 𝑛𝑢 ≥ 𝑛𝑙 ,  

𝜀, 𝜉 𝜖(0,1), 𝜇0 > 0, 𝑢 ∈ ℝ++
4  .  

 

Set 
𝑄 = (

−2𝑎 −𝑐
−𝑐 −2𝑏

), 𝐴 = (

  1
−1
0
0

  
0
0
 1
−1

), 𝜌 = (

𝑤𝑢
−𝑤𝑙
𝑛𝑢
−𝑛𝑙

), 𝜇 = 𝜇0 

 

 𝜎 = 𝐴𝑄−1 (
𝑑
𝑒
) − 𝜌, 𝑄−1 =

1

𝑐2−4𝑎𝑏
(
2𝑏 −𝑐
−𝑐 2𝑎

),  𝐻 = 𝐴𝑄−1𝐴𝑇 ,   𝑧 = 𝜇𝑢−1 

  

 𝜃 = 𝜎 − 𝐻𝑢 − 𝑧,  𝜏𝜇 = 𝜇 − 𝑧𝑗𝑢𝑗    

 

While Max {‖𝜃‖, |𝜏𝜇|} > 𝜀 
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Solve 
 

∆𝑢 = (∆𝑢1, ∆𝑢2, ∆𝑢3, ∆𝑢4), ∆𝑧 = (∆𝑧1, ∆𝑧2, ∆𝑧3, ∆𝑧4) 
 

 
𝐻∆𝑢 + ∆𝑧 = 𝜃 

 

 𝑧𝑗∆𝑢𝑗 + 𝑢𝑗∆𝑧𝑗 = 𝜏𝜇  ( 𝑗 = 1,2,3,4) 

 
Set  𝛼 = min {

‖𝑢‖

‖∆𝑢‖
,
‖𝑧‖

‖∆𝑧‖
 } 

 𝑢 = 𝑢 + 0.999𝛼∆𝑢 

  𝑧 = 𝑧 + 0.999𝛼∆𝑧 

  𝜇 = 𝜉𝜇 

 

 

 
 

Reevalutate       𝜃, 𝜏𝜇 

Set (
𝑤
𝑛
) = 𝑄−1 ((

𝑑
𝑒
) − 𝐴𝑇𝑢). 

 

Note that the above procedure can also be applied to solve problem (2), where we seek to 

maximize net revenue 𝑅𝐿(𝑤, 𝑛) = 𝑝𝑐𝑦(𝑤, 𝑛) − 𝑐𝑤𝑤 − 𝑐𝑛𝑛, since: 𝑅𝐿(𝑤, 𝑛) = 𝑝𝑐𝑦(𝑤, 𝑛) − 𝑐𝑤𝑤 −

𝑐𝑛𝑛 = 𝑝𝑐(𝑎𝑤
2 + 𝑏𝑛2 + 𝑐𝑤𝑛 + 𝑑𝑤 + 𝑒𝑛 + 𝑓) − 𝑐𝑤𝑤 − 𝑐𝑛𝑛 = �̅�𝑤

2 + �̅�𝑛2 + 𝑐̅𝑤𝑛 + �̅�𝑤 + �̅�𝑛 + 𝑓,̅ 

where �̅� = 𝑝𝑐𝑎, �̅� = 𝑝𝑐𝑏, 𝑐̅ = 𝑝𝑐𝑐, �̅� = 𝑝𝑐𝑑 − 𝑐𝑤 , �̅� = 𝑝𝑐𝑒 − 𝑐𝑛 , and 𝑓̅ = 𝑝𝑐𝑓. 
 

Results and Discussion 
 

 To test the previous procedure, we used the production functions of melon (Rocha 

Júnior et al. 2016), american lettuce (Marques Silva et al. 2008), orange-Pear (Bertonha et al. 

1999) and oats (Frizzone et al. 1995). The formulas of these functions are shown in Table 1. 

The test cultures used here (melon, american lettuce, pear orange and oats) were not 

selected because they presented some difficulty but because the specific analytical formulas for 

production of each culture were already known in relation to the water depth and nitrogen dose.  

        To obtain the melon production function, Rocha Júnior et al. (2016) tested ten statistical 

models that, according to Hexem & Heady (1978) and Soares et al. (1999), satisfactorily 

represent a function of culture production. Among these models, the one best fitting the data of 

the experiment was chosen, considering the adjusted coefficients 𝑟2 and 𝑟2 adjusted, the value of 

the F test of the analysis of variance, the values of the t test for all coefficients and the signs of 

the variables of the analyzed models. 

       In the study of the production function and economic analysis of american lettuce, 

Marques Silva et al. (2008), follow the procedure adopted by Frizzone (1986). The analytical 

formula of production shown in Table 1 had a determination coefficient (𝑟2)  of 0.8311, and 

thus, 83.11% of the variation in commercial lettuce productivity is explained by the variation in 

water and nitrogen dose.  

      For the pear orange culture, Bertonha et al. (1999) use a second-degree polynomial to 

evaluate physical production as a function of used levels of water and nitrogen, and through a 

regression, obtain the analytical formula shown in Table 1, with a coefficient of determination 

(𝑟2) of 0.7504.  
 

 

Table 1. Analytical formulas of production of the culture’s: melon, american lettuce, orange-pear and oats. 
 

Cultures 𝒚(𝒘, 𝒏) 

Melon 𝑦(𝑤, 𝑛) = 52.40174118 w +  111.1536525 n −  0.038815548 w2 − 0.279112997 n² 

American lettuce 𝑦(𝑤, 𝑛) = −12490 + 388.1w− 6.02n − 1.042𝑤2 − 0.04563𝑛2 − 0.1564wn 

Orange-pear 𝑦(𝑤, 𝑛) = 0.306 + 1.01𝑥10−2𝑛 − 1.46𝑥10−5𝑛2 + 4.35𝑥10−4𝑤 − 4.47𝑥10−8𝑤2 

Oats 𝑦(𝑤, 𝑛) = 3.575𝑥10−2𝑤 + 1.554𝑥10−2𝑛 − 5.6𝑥10−5𝑤2 − 5.1𝑥10−5𝑛2 
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Finally, in relation to the culture of oats, in Frizzone et al. (1995), the function of oat dry 

matter production was defined using the quadratic polynomial model together with analyzes of 

variance of the regression and significance of the coefficients of the variables. The 

determination coefficient (𝑟2) was 0.8964.  

       Note that the bilinear forms of the production functions considered here are composed 

by the linear terms of the variables 𝑤 and 𝑛, the quadratic terms 𝑤2 and 𝑛2, and a cross term 

between the variables, 𝑤𝑛. This last term appears only in the analytical formula of production of 

the american lettuce crop. 

          The ranges [𝑤𝑙 , 𝑤𝑢] and [𝑛𝑙 , 𝑛𝑢] considered for melon were [150.750] and [100.300] 

respectively, [150.300] and [100.250] for american lettuce, [0.6000] and [0.5000] for pear-orange 

and [0,0.6] and [0,0.5] for oats. Water and nitrogen costs were R$ 0.318 and R$ 3.5 for melon, R$ 

0.44 and R$ 2.09 for american lettuce and R$ 0.20 and R$ 0.50 for oats respectively. The prices 

considered were R$ 0.58 for melon, R$ 0.80 for lettuce and R$ 150 for oats. For the orange-pear 

crop, only productivity was maximized in response to water and nitrogen application. In 

Bertonha et al. (1999), the costs and prices associated with pear oranges are not given. Table 2 

presents the results obtained by the Procedure, as well as the literature regarding the yield of 

each crop. 

In the case of melon crop, we observe a total compatibility between the results obtained 

through the Procedure and those obtained in Rocha Junior et al. (2016). For american lettuce 

culture crop, the optimal yield obtained by the Procedure shows a small difference in values 

when compared to those presented by Marques Silva et al. (2008), as well as the values obtained 

from the water depth and nitrogen dose. Regarding the orange pear crop, although optimal 

productivity is obtained very closely to that in Bertonha et al. (1999), it is required 228.8 𝑚𝑚 

more water than in the Procedure. Remember that among the cultures considered is the one 

with the lowest determination coefficient. Finally, the results obtained in Frizzone et al. (1995) 

and the Procedure for oat cultivation were numerically almost the same.  

It is important to highlight that the production results obtained in Table 2 are 

satisfactory if we consider for example, that the average production of melon known in the 

Submédio São Francisco region is 30.000 𝑘𝑔 . ℎ𝑎−1, that of american lettuce in the experimental 

area of Horticulture located in the Municipality of Cáceres-MT of  24.130 𝑘𝑔 . ℎ𝑎−1, the one of 

pear orange in the citrus belt of São Paulo and Triângulo / Sudoeste Mineiro of 

2.24 boxes. tree−1 and the one of oats in the Experimental Farm of the Agronomy Course of the 

State University of Minas Gerais, Campus de Passos, 7 𝑡. ℎ𝑎−1. 

 
Table 2. Water depth 𝑤, nitrogen dose 𝑛 and optimal productivity 𝑦(𝑤, 𝑛). 
 

Cultures Methodology 𝒘 (𝒎𝒎) 𝒏 (𝒌𝒈) 𝒚(𝒘, 𝒏) (production) 

Melon Procedure 

Rocha Junior et al. (2016) 

675.01 

675 

199.12 

199.1 

28.752.26 (𝑘𝑔 ⋅ ℎ𝑎−1) 

28.752.3 (𝑘𝑔 ⋅ ℎ𝑎−1) 

American 

Lettuce 

Procedure 

Marques Silva et al. (2008) 

211.91 

208.03 

287.49 

290.5 

26.987 (𝑘𝑔 ⋅ ℎ𝑎−1) 

27.004.49 (𝑘𝑔 ⋅ ℎ𝑎−1) 

Orange-pear Procedure 

Bertonha et al. (1999) 

4.865.8 

5.095.6 

351.75 

345.9 

3.11106 (𝑏𝑜𝑥𝑒𝑠 ⋅ 𝑡𝑟𝑒𝑒−1) 

3.2 (𝑏𝑜𝑥𝑒𝑠 ⋅ 𝑡𝑟𝑒𝑒−1) 

Oats Procedure 

Frizzone et al. (1995) 

319.20 

319.2 

152.35 

152.36 

6.8894 (𝑡 ⋅ ℎ𝑎−1) 

6.9 t. (𝑡 ⋅ ℎ𝑎−1) 

 

 

In Figure 1 we can visualize each iterations of the implemented Procedure regarding the 

optimal productivity of each considered crop.  Note that the Procedure generates a sequence of 

approximate solutions that converges to the optimal solution of the problem when 𝜇 → 0.  

Graphically, this sequence defines a smooth curve called the central path associated with the 

production of each culture (see Figure 1).  
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Figure 1. Optimum crop yield: lettuce, melon, orange pear and oats. 
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Table 3 presents the results obtained by the Procedure, as well as the literature 

regarding the optimum net income for melon, american lettuce and oat crops. 

 
Table 3. Water depth 𝑤, nitrogen dose 𝑛 and optimal net revenue 𝑅𝐿(𝑤, 𝑛). 

 

Cultures Methodology 𝒘 (𝒎𝒎) 𝒏 (𝒌𝒈) 𝑹𝑳(𝒘,𝒏)(net revenue) 

Melon Procedure 

Rocha Junior et al. (2016) 

675.01 

597.1 

199.12 

198.3 

R$ 15.764.74 

R$ 10.440.00 

American Lettuce Procedure 

Marques Silva et al. (2008) 

199.93 

203.98 

263.55 

240 

R$ 20.895 

R$ 20.931 

Oats Procedure 

Frizzone et al. (1995) 

319.20 

310 

152.35 

120 

R$ 893.4 

R$ 897 

 

Note that in the case of melon, there is a difference between net revenues in the 

Procedure and Rocha Junior et al. (2016) methodology of R$ 5.324.74, although the Procedure 

must use 78 𝑚𝑚 more water than that in Rocha Junior et al. (2016) and with almost the same 

amount of nitrogen. Regarding the american lettuce and oat crops the net revenue values do not 

present significant difference; we can only notice a small difference regarding the amount of 

nitrogen used. Analogous to Figure 1, in Figure 2, we can see each iteration of the implemented 

procedure as well as the central trajectory associated with the net income for melon, american 

lettuce and oat crops. As in Bertonha et al. (1999), we are only considering maximizing 

production and not maximizing net revenue. Therefore, we do not have a graphic representation 

for this culture in Figure 2.  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 2. Optimum crop net revenue: melon, lettuce and oats.

Melon Lettuce 

Oats 
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 Table 3 again shows satisfactory results in relation to net revenue if we consider that in 

the last five years, Empresa Brasileira de Pesquisa Agropecuária (EMBRAPA) has registered an 

average net revenue of 16.750 𝑅$. ℎ𝑎−1 for melon, 18.036 𝑅$. ℎ𝑎−1 for american lettuce and 

748 𝑅$. ℎ𝑎−1 for oats respectively. 
 

Conclusions 
 

A computational methodology or Procedure (nonlinear programming) was presented to 

determine the maximum yield and/or maximum net income of a set of resource-limited crops 

using the duality theory. The Procedure was implemented in MATLAB 7.1. It is important to 

highlight the brilliant and simple performance of the dual problem in the construction of the 

Procedure.  On the other hand, with the results obtained in this work, two questions are 

answered: the first is the numerical compatibility of the Procedure with the empirical 

methodologies used here, and secondly, that the use of  logarithmic barrier type interior points 

in the Procedure presented here, iteratively allows you to visualize the convergence towards the 

optimal productivity solution or optimal net revenue solution. Finally, based on the results 

obtained, we may conclude that the Procedure presented constitutes a reliable alternative, 

considering the results similar to those published in the literature.  
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